Abstract. We discuss the relativistic kinetic theory for a simple, collisionless, charged gas propagating on an arbitrary curved spacetime geometry. Our general relativistic treatment is formulated on the tangent bundle of the spacetime manifold and takes advantage of its rich geometric structure. In particular, we point out the existence of a natural metric on the tangent bundle and illustrate its role for the development of the relativistic kinetic theory. This metric, combined with the electromagnetic field of the spacetime, yields an appropriate symplectic form on the tangent bundle. The Liouville vector field arises as the Hamiltonian vector field of a natural Hamiltonian. The latter also defines natural energy surfaces, called mass shells, which turn out to be smooth Lorentzian submanifolds.
INTRODUCTION
Many astrophysical or cosmological configurations involve the interaction of charged particles and electromagnetic fields on a background gravitational field. This setting can describe configurations such as pulsar magnetospheres, accretion flows on black holes and the complex dynamics of the primordial plasma. Moreover, the spectra of many active galactic nuclei or supernova remnants are interpreted as synchrotron radiation emitted by charged relativistic particles (electrons) gyrating around the magnetic field lines. Depending upon the prevailing physical conditions, the ideal MHD regime, formulated on a curved spacetime, provides a reliable description. In other scenarios, the overall electric neutrality of the fluid component is a poor approximation and thus methods of relativistic kinetic theory are becoming relevant. In particularly, the relativistic version of the Vlasov equation plays a central role for the description of the charged component.
In two recent articles [1, 2] , motivated by early work by Synge, Israel and Ehlers [3, 4, 5, 6, 7, 8] , we gave a mathematically oriented introduction to the relativistic kinetic theory of gases. In [1] , we developed the kinetic theory of a relativistic simple gas, that is a collection of neutral, spinless classical particles of the same positive rest mass m > 0. This development was based on ideas of symplectic geometry and Hamiltonian dynamics and the starting point in this construction, was the Poincaré one-form Θ defined on the tangent bundle T M associated with the spacetime (M, g). This form induces a symplectic structure on the tangent bundle and this combined with a natural Hamiltonian gave rise to the Liouville vector field L on T M. The Hamiltonian function defines suitable energy surfaces Γ m on T M referred to as mass shells, having the property that when L is restricted to these mass shells, the projections of the integral curves of L on the spacetime manifold M define a family of future directed timelike geodesics. In this framework the gas is described by a distribution function f defined on the associated mass shell Γ m . For a simple, collisionless gas, the distribution function f obeys the Liouville equation L[ f ] = 0 and leads to a set of observables whose construction and properties are discussed in [1] . As a further application of the symplecticHamiltonian framework, the kinetic theory of a relativistic, simple, charged gas was also developed. For this system, a generalized Poincaré one-form that gets a contribution from the background electromagnetic field is sufficient for the development of the theory.
In the second work [2] , we presented an alternative formulation of relativistic kinetic theory which complements the symplectic-Hamiltonian approach in [1] . The starting point in [2] was the splitting of the tangent space of T M
GEOMETRY OF THE TANGENT BUNDLE
In this section, we briefly review the basic geometric properties of the tangent bundle T M of an arbitrary, ndimensional spacetime manifold (M, g). In particular, we discuss the splitting of the tangent space at any point of T M into a horizontal and a vertical subspace and the canonical bundle metricĝ on T M induced by this splitting. Moreover, we introduce an appropriate symplectic form on T M. As it turns out, both of these structures provide the building blocks for the formulation of relativistic kinetic theory. Specifically, the metric allows us to define an integration theory on submanifolds of T M which is essential for the invariant definition of the distribution function. The symplectic form provides the means for the Hamiltonian formulation of the theory.
Let T x M denote the vector space of all tangent vectors p at some event x ∈ M. The tangent bundle of M is defined as
with the associated projection map π :
The fibre at x ∈ M is the space π −1 (x) = (x, T x M) which is naturally isomorphic to T x M. The first basic property of the tangent bundle is described in the following lemma.
For a proof, see Ref. [9] or Refs. [1, 2] . The idea is to start with local coordinates (x µ ) on an open subset U of M. Then, we associate to each point (x, p) ∈ V := π −1 (U) the coordinates (x µ , p µ ) with x µ the coordinates of x and p µ := dx µ x (p). We call (x µ , p µ ) adapted local coordinates; the associated basis of the tangent and cotangent spaces of
.
Splitting into horizontal and vertical subspaces
For a given spacetime manifold (M, g) there exist two natural projection maps T (x,p) (T M) → T x M which assign to each tangent vector X ∈ T (x,p) (T M) a unique tangent vector in T x M. These maps define a natural splitting of the tangent space T (x,p) (T M) = H (x,p) ⊕ V (x,p) at any point (x, p) ∈ T M, where H (x,p) and V (x,p) are called the horizontal and vertical subspace, respectively.
The first projection map arises through the push-forward of the map π : T M → M, which induces the map π * (x,p) :
It is a simple matter to verify that in adapted local coordinates (x µ , p µ ) we have
In terms of adapted local coordinates V (x,p) is generated by the vectors [10, 11] ), makes use of the Levi-Civita connection ∇ of the background spacetime (M, g) and is defined as follows: let γ(λ ) = (x(λ ), p(λ )) be a smooth curve in T M through (x, p) with tangent vector Z at (x, p), that is, γ(0) = (x, p) andγ(0) = Z. The curve γ(λ ) gives rise to the curve x(λ ) in M and the vector field p(λ ) along it, see Figure 1 . Then, we define
where τ 0,λ : T x(λ ) M → T x M denotes the parallel transport operator along x(λ ). In terms of adapted local coordinates (x µ , p µ ) one can show that
, where Γ µ αβ denote the Christoffel symbols.
The curve γ(λ ) on T M which gives rise to the curve x(λ ) on M and the vector field p(λ ) along it.
It is a simple matter to verify the following Lemma.
Lemma 2. The connection map K
The horizontal space H (x,p) is generated by the following n tangent vectors:
so that { e µ (x,p) ,
} is a basis of T (x,p) (T M) adapted to the splitting T (x,p) (T M) = H (x,p) ⊕ V (x,p) . The corresponding dual basis is given by {dx
The vector fields e µ and ∂ ∂ p µ satisfy the following commutation relations which will be useful later:
where R α β µν denotes the curvature tensor on (M, g). As a consequence of Lemma 2, any tangent vector Z ∈ T (x,p) (T M) can be uniquely decomposed as
where the horizontal and vertical components can be written as
with X µ = dx
The natural splitting of the tangent space into horizontal and vertical subspaces yield the following linear isomorphisms:
:
which allows us to identify each of the two spaces H (x,p) and V (x,p) with the tangent space T x M. As a consequence, we can introduce an almost complex structure on T M which rotates horizontal vectors into vertical ones and vice versa. More specifically, it is defined as the linear map J (x,p) :
for all Z ∈ T (x,p) (T M). In terms of the basis vectors { e µ (x,p) ,
and J (x,p) have the following representations:
As seen from these expressions, the operators
The canonical bundle metric
Based on the splitting of the tangent space of T M into horizontal and vertical subspaces, the spacetime metric g induces a natural metricĝ on T M. In the context of Riemannian manifolds the metricĝ was introduced a long time ago by Sasaki [12] . Its relevance for the description of relativistic kinetic theory was pointed out in [2] , where a simple uncharged gas was treated. In this work we show that the metricĝ also plays an important role in the description of a simple charged gas.
In terms of the Lorentzian metric g on the base manifold, the push-forward of π and the connection map K the metricĝ is defined asĝ
for all Z,W ∈ T (x,p) (T M). In terms of the basis covectors
where g µν (x) are the coordinate components of g. The most important properties of this metric are summarized in the following Lemma.
Lemma 3. The canonical bundle metricĝ is a semi-Riemannian metric satisfying: (i) The signature ofĝ is (2, 2n − 2). (ii) The splitting in Eq. (6) is orthogonal with respect toĝ, that is,ĝ
The metricĝ is invariant with respect to the almost complex structure J defined in Eq. (10) :
For later use, we note that the bundle metricĝ induces a natural volume form on the tangent bundle T M, given by
For further properties of the Sasaki metric we refer the reader to [12, 11, 2] .
The symplectic form
So far, all the results regarding the geometry of the tangent bundle were the natural outcomes of the invariant splitting of the tangent space of the tangent bundle, which in turn relied on the metric and the associated Levi-Civita connection on the base manifold M. For the next result, we shall make use also of a closed two-form field F on the base manifold M. This field represents a background electromagnetic field on M and will play an important role in the description of charged relativistic gases. Specifically, g and F define a particular symplectric two-form Ω F on T M. Recalling the almost complex structure J defined in Eq. (10), we define Ω F as
for two vector fields Z and W on T M, where π * F denotes the pull-back of F with respect to the projection map π : T M → M and q is a constant representing the charge of the gas particles. In terms of the basis covectors (4) the symplectic form can be written as
Using the properties of the bundle metricĝ it is not difficult to check that Ω F is antisymmetric and non-degenerated. Moreover, Ω F is closed since Ω F = dΘ A where the one-form Θ A on the tangent bundle is defined as
for X ∈ T (x,p) (T M), with A a vector potential such that F = dA. It should be mentioned that in the uncharged case q = 0 the symplectic form in Eq. (17) reduces to the form Ω s introduced in Ref. [1, 2] , and the one-form Θ A reduces to the Poincaré one-form on T M. In view of Liouville's theorem below, an important property of the symplectic form Ω F is provided by the following relation:
Lemma 4. Let η T M be the volume form on T M induced by the bundle metricĝ, see Eq. (16). Then,
Proof. As in the uncharged case, see Ref. [2] .
THE KINETIC THEORY FOR A SIMPLE, COLLISIONLESS, CHARGED GAS
After discussing the geometrical aspects of the tangent bundle, in this section we apply this framework to the description of relativistic kinetic theory for a simple charged gas, that is, a collection of classical, spinless particles of the same positive mass m and the same charge q. Following the same construction as in Ref. [2] for the uncharged case, we first introduce the Liouville vector field L F and a suitable Hamiltonian function H on the tangent bundle T M. The integral curves of L F are related to the possible trajectories of the gas particles between collisions. The Hamiltonian H generates these integral curves via the symplectic form Ω F defined in the previous section. Moreover, the Hamiltonian defines the mass shell Γ m on which the integral curves of L F are restricted. The bundle metricĝ induces a Lorentzian metric on Γ m on which the Liouville vector field L F is divergence-free. Consequently, L F generates an incompressible flow on Γ m which in turn implies Liouville's theorem. The distribution function is defined as a nonnegative function f : Γ m → R, which together with L F , can be thought of as defining a fictitious incompressible fluid on Γ m with current density J F = f L F /m. For a collisionless gas J F is divergence-free and Liouville's equation
In contrast to the uncharged case, the Liouville vector field L F adquires a nontrivial vertical component in addition to the horizontal one, as we show below.
Hamiltonian function and Liouville vector field
The Hamiltonian function for our system is defined as
In conjunction with the symplectic form Ω F this H defines the associated Hamiltonian vector field
Proof. This can be shown by a straightforward generalization of Lemma 6 in Ref. [2] . Alternatively, using adapted local coordinates (x µ , p µ ), it follows from Eq. (21) that
where θ ν is defined in Eq. (4). On the other hand, from Eq. (23),
where we have used the definition of e µ in Eq. (3). Using the coordinate expression (18) for the symplectic form Ω F we find from this
which proves the lemma. From the explicit representation in Eq. (23) it follows that any integral curve (
Therefore, the projected curve x(λ ) on M defines a dynamical trajectory of a charged particle on the spacetime manifold (M, g) in the presence of the electromagnetic field F.
The mass shell and its basic properties
The Hamiltonian function gives rise to the mass shells, which are defined by
This set defines the energy surface in which the motion of particles of mass m takes place. Since H does not depend on the electromagnetic field F, it follows that Γ m satisfies the same properties as in the uncharged case:
The set Γ m satisfies the following properties: Proof. See Lemma 5 and 7 in Ref. [2] and Appendix A in Ref. [1] .
Remark 1.
For the massless case m = 0 the set Γ m is smooth except at the vertex points p = 0.
Remark 2. It follows from property (ii) that any horizontal vector field is tangent to Γ m .

Remark 3. For the following, we shall assume that (M, g) is connected and time-oriented. In this case the "future" mass shell can also be written as
x }, with the future mass hyperboloids
Physically, the restriction on Γ + m incorporates the idea that the gas particles move on future directed timelike curves. A local representation of Γ + m andĥ can be obtained in the following way: Let (U, φ ) be a local chart of (M, g) with corresponding local coordinates (x 0 , x 1 , . . . , x d ) , such that for each x ∈ U,
is timelike and all the vectors of the form p i ∂ ∂ x i x are spacelike. Let (V, ψ) denote the local chart of T M with the corresponding adapted local coordinates (x µ , p µ ), see the comments below Lemma 1. Relative to these local coordinates, the mass shell is determined by
Therefore, the future mass shell Γ + m can be locally represented as those
In terms of the resulting local coordinates (x µ , p i ) on Γ + m , a basis of tangent and co-tangent vectors adapted to the splitting (6) is given byê
and 
where herep i := g i0 (x)p 0 + g i j (x)p j , and
The volume form η Γ m induced by the metricĥ can be written as [2] 
Finally, we note that the Liouville vector field is tangent to the mass shell
Therefore, we may also regard L F as a vector field on Γ m . In terms of the local coordinates (x µ , p i ) it has the form
This vector field is divergence-free on (Γ m ,ĥ), as the next theorem shows.
Theorem 1 (Liouville's theorem, cf. [8]). The Liouville vector field L F , when restricted to
where the divergence operator refers to the Lorentz manifold (Γ m ,ĥ).
Proof. The proof is based on Lemma 4 and proceeds along the same lines as in the uncharged case, see Theorem 1 in Ref. [2] .
Distribution function and associated current density
As for the uncharged case, we introduce the distribution function f : Γ + m → R, f ≥ 0, and the associated current density
Like the Liouville vector field L F , the current density acquires a vertical component in the charged case. Taking into account the expression in Eq. (23), J F can be decomposed as For a tubular region V = 0≤t≤T Σ t which is obtained by letting flow along the integral curves of J F a 2d-dimensional, spacelike hypersurface Σ 0 in Γ + m , the boundary of V consists of the initial and final hypersurfaces Σ 0 and Σ T and the cylindrical piece, T := 0≤t≤T ∂ Σ t , see Figure 2 . As a consequence of Gauss' theorem, we obtain
The expression on the left-hand side of this equation is equal to the ensemble average of the net change in number of occupied trajectories between Σ 0 and Σ T due to collisions. For the particular case of a collisionless gas it follows from Eq. (42) that div J F = 0. Taking into account the definition of J F and Theorem 1, this implies that the distribution function f must satisfy the Liouville equation
Observables derived from the distribution function
The current density J F on the mass shell Γ + m gives rise to a natural, physically observable current J on the spacetime. In order to explain this, we consider a d-dimensional spacelike hypersurface S in (M, g) with unit normal vector field s. This surface can be lifted to a 2d-dimensional hypersurface Σ of Γ + m , defined as
with associated unit normal vector field ν := (I H ) −1 (s) (see Ref. [2] ). Now let us compute the ensemble average of occupied trajectories that intersect this hypersurface Σ. Assuming for simplicity that S is entirely contained inside a coordinate neighborhood of M we have, in adapted local coordinates,
and together with the expression (36) this yields
where we have introduced the natural volume element η on (M, g), defined by
and the natural volume element on the future mass hyperboloid P + x , defined by
Using the local splitting (45), it follows that the integral of any sufficiently smooth and fast decaying function F over a hypersurface Σ of the form (44) can be computed as
with η S := i s η the induced volume element on S. This Fubini-type formula still holds true if the surface S is not included in a coordinate chart, as can be shown by using a partition of unity. In particular, choosing
where the current density J ∈ X (M) is defined as
This vector field J can be interpreted as the first moment of the distribution function in momentum space. Its flux integral through the hypersurface S is equal to the flux integral of J F through Σ which is equal to N [Σ] . Obviously however, the vector field J F on Γ + m contains much more information than J since it allows one to compute N[Σ] for arbitrary 2d-dimensional spatial hypersurfaces of Γ + m and not just those which are of the form (44). Note that in contrast to J F , the physically observable current J does not depend on the electromagnetic field F. The reason for this relies in the fact that in the flux integral (47) ν is horizontal while the electromagnetic field only contributes to the vertical component of J F .
The next result shows that the divergence of J is also related to the divergence of J F through a fibre integral, and implies that J is conserved. 
Proof. As in the uncharged case, see Ref. [2] . As a consequence of Proposition 2 and the fact that mdiv
implying that J is conserved if the distribution function f satisfies the Liouville equation
The identity (50) can be generalized to arbitrary moments of the distribution function, defined by the following s-rank contravariant symmetric tensor field T on M:
Proposition 3. Let f : Γ + m → R be a C ∞ -function of compact support on the future mass shell. Then, the following identity holds for all x ∈ M and all ω 2 , . . . , ω s ∈ T * x M:
where the round parenthesis denote total symmetrization, and whereF has been defined in Lemma 5. 
Now the proposition follows by using the coordinate expression (25) for L F and noticing that
As has been discussed in Refs. [7, 1] the relevant observables for the Einstein-Maxwell-Vlasov system are the physically observable current density J and the stress-energy tensor, corresponding to the tensor field T defined in Eq. (51) with s = 2. In adapted local coordinates these observables take the form:
At any given event x ∈ M for which f (x, ·) is not identically zero, the current density J x is future-directed timelike. Furthermore, the stress-energy tensor satisfies the weak, the strong and the dominant energy conditions, see Lemma 7 in Ref. [1] .
SYMMETRIES OF THE DISTRIBUTION FUNCTION
In a previous article [2] , see also Refs. [13, 14] , we discussed in detail how to lift one-parameter groups of diffeomorphisms of the spacetime manifold M to the tangent bundle T M. This lift induces a lift X (M) → X (T M), ξ →ξ of the corresponding generator ξ . In particular, for symmetry groups S, that is, one-parameter groups of isometries of (M, g), it follows that the lifted group is an isometry group of (T M,ĝ). Using this lift, we define the distribution function f to be S-symmetric if f is invariant with respect to the lifted group, that is, if £ξ f = 0. As we have discussed in [2] , this definition is compatible with the imposition of the Liouville equation £ L f = 0, since [L,ξ ] = 0 whenever ξ is a Killing vector. Moreover, it also follows that the infinitesimal generatorξ is tangent to the mass shell Γ m , and thus Γ m is invariant under the associated flow. Finally, it was shown thatξ generates symplectic transformations on (T M, Ω s ), a property that was exploited in the construction of explicit solutions of the Liouville equation on a Kerr black hole background.
In this section, we analyze the impact of the electromagnetic field upon the symmetry properties of the distribution function associated to a collisionless, charged gas. We show that the main properties described above remain satisfied provided the electromagnetic field F is S-symmetric, that is, if £ ξ F = 0.
For an arbitrary vector field ξ ∈ X (M) on the spacetime manifold M, the lifted fieldξ ∈ X (T M) can be defined as [2] 
and in adapted local coordinates (x µ , p µ ) this expression reduces tô
The lift satisfies the following properties:
(
ii)ξ is a Killing vector field on (T M,ĝ) if and only if ξ is a Killing vector field on
The first property shows that the lift preserves the commutator. Together with the second property this implies that Lie groups of isometries of (M, g) lift to Lie-groups of isometries of (T M,ĝ). The third property means that if ξ is Killing, then dH(ξ ) = 0 and thusξ is tangent to Γ m .
Let ξ ∈ X (M) be Killing vector field of the spacetime manifold (M, g) which generates a one-parameter group S of isometries, and letξ ∈ X (T M) be the corresponding lifted vector field on (T M,ĝ). We define the distribution function f to be S-symmetric if it is invariant with respect to the flow generated byξ , that is, if £ξ f = 0.
(56)
For the case that f satisfies the Liouville equation for a charged gas, it follows from L F [ f ] = 0 and Eq. (56) that
which is a constraint on f . A direct calculation using adapted local coordinates and the commutation relation (5) reveals that
Whenever ξ is a Killing vector field of (M, g), the expression inside the square parenthesis vanishes. Therefore, for an uncharged gas, the Killing property of ξ guarantees that the constraint (57) holds identically. However, for the charged case, the Killing property of ξ is not sufficient for the vanishing of the commutator [L F ,ξ ], it requires the additional condition of the vanishing of the Lie-derivative of F with respect to ξ . Finally, we show that the flow generated byξ is symplectic if the corresponding flow on the spacetime manifold leaves both the metric and the electromagnetic field invariant. 
where the one-form Θ A is defined in Eq. (19) . In particular,ξ is the infinitesimal generator of a symplectic flow on T M, that is £ξ Ω F = 0.
Proof. Applying the interior derivative iξ on both sides of Ω F = dΘ A , we obtain
where we have used the Cartan identity in the first step. Using the coordinate expression
and the explicit form forξ given in Eq. (55) a short calculation reveals that
which vanishes according to our assumptions. Therefore, iξ Ω F = −dP follows. Applying the exterior derivative operator d on both sides of this equation yields £ξ Ω s = 0, which shows thatξ generates a symplectic flow on T M.
An important consequence of this proposition is that the quantity P = Θ A (ξ ) is conserved along the Liouville flow if ξ is a Killing vector field of (M, g) and at the same time £ ξ A = 0. This follows from the well-known identity
which shows that P is conserved along the Liouville flow if and only if the Poisson bracket {H, P} between H and P is zero which is the case if and only if dH(ξ ) = 0. The latter condition is a consequence of Proposition 4(iii) and the fact that ξ is Killing. Using standard arguments from Hamiltonian mechanics [15] , {H, P} = 0 implies that the corresponding Hamiltonian vector fields L F andξ commute with each other. This provides an alternative, more elegant explanation for the compatibility of the condition (56) with the Liouville equation L F [ f ] = 0.
APPLICATION: COLLISIONLESS DISTRIBUTION FUNCTIONS ON A KERR-NEWMAN BACKGROUND
